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1.0 Introduction

Many problems in science, engineering and technology
reduce to mathematical problems consisting of differential
equations fall basically into two classes, ordinary and partial,
depending upon the number of independent variables presents,
Solutions of many differential equations arising out of physical
problems are subject o some conditions.

In this unit we will introduce the concept of initial and
boundary value problems. Questions may arise: Whether solution
exists for all problems? Under what conditions does the problem
has &t least bne solution? Under what conditions does the problem
has a unique solution? These questions will also be answered in
this umit.

Finally, dependence of solutions and the concept of
Wronskian will also be introduced.

1.1 Objectives

After studying this block you should be able to:

+ Know occurrence and origin of differential equations in
various helds.

o Explain, what an initial value problem (IVF) and a
boundary value problem (BVP) is

s Know the Sturm-Liouvielle problem




» Know the conditions for existence and uniqueness of
solutions of an ordinary differential equations

&  Understand the concept of dependence of solutions,
Wronskin and its use in Linear independence of
solutions.

1.2 Imitial Value Problem

An equation of the form

e
i = fx. ) ¥(x) = ¥,

where yv(xg) denotes the value of ¥ at x=%, 15 called mitial value
problem.

Inital value problem can be solved by two methods

(i} The Euler method

Let y denote the exact solution of the initial value problem
which consists of differential equation

dy

ﬁh—f{%.ﬂ' (1.2.1}
and the initial condition y{x,) =y, (1.2.2)
Let h denote the positive increment in x and let

x =x,+h 50 that x,-xs=h (1.2.3)

MNow If{x.y}dx='i%ﬂ'-'ﬂ=l‘[-¥.]'—}'[m =¥x5) =¥
b Ea

SoE )= L"{L ¥dx (1.2.4)
=

If we assume that f{xy) wvarnes slowly on the interval
X, Sx5x ,then we can approximate fix.v) in (1.2.4) by 15
value fxs,vo) at the left hand point xa. Thus we have

&l
Hrl) = y0+ [ fxg, ) (1.2.5)
where = stands for approximation.
But [ (kg ¥t = £ {3y ) [ = F (5, 305, —55)
B Ty

|;!lllq'[-‘--[u -.}'l}
5 (1.2.5) becomes y(x,) = y, + A {5, 3,)

It follows that the approximate value y{x;) i.e., y) of y at x, is
given by the formula

Yi =¥y + A (x5, ¥) (1.2.6)
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with the value of y; given by (1.2.6) we now proved in like
manner (o get ¥y by the formula

¥ =¥ +"|’J'r|:-t1'-.'|"'1:| (1.2.7)
In general by the repeated application of the above method, we
determing ¥p.; in terms of v, by the formula
¥y =¥ +hf(x.0) (1.2.7)
In general by the repeated application of the above method, we
determing Yy+; in terms of v, by the formula

Fous =¥, tH(x,.7,) {1.2.8)
{ii) Picard's method
Consider an initial value probiem of the form

L e FxDH0) = 54 (12.9)

By integrating over the interval (xg,x), {1.2.9) gives
| L
fev = [fix, 0
e by

or Wx) =y = £,
or Hx) = yy + [flx, phd (1.2.10)

Thus, the solving of initial value problem (1.2.9) is equivalent
1o inding a function v(x) which satisfies the equation (1.2.10),
since by differentinting (1.2.10) we get i = fix,¥) and
putting x=xg in (1.2.10) yiclds w{xg)=y+0 i€, ¥(xo)=vo.
Conversly (1.2.10) has been obtained from (1.2.9) by
inteprating over the interval (xp,x) and employing the initial
condition ¥{xa)=ys.

Since the information conceming the expression of ¥ in
term of x is absent, the integral on the RHS of (1.2.10) cannot
be evaluated. Hence the exact value of v cannot be obtained.
Therefore we determine a sequence of approximation, we put
y=vp in the integral on the right of (1.2.10) and obtain.

5
i) = vy + [£(x,3,)ds (1.2.11)

where v,(x) is the corresponding value of v{x) and is called first
approximation and is betier approximation of ¥(x) at any x. To
determine still better approximation we replace v by v, in the
integral on RHS in (1.2.10) and obtain the second
approximation y: as



yalx) =y + [fr, 3 e (1.212)
l'
Proceeding in this way, the nth approximation ¥, is given
by
Fol®y=yo + [fixy,,)ds (1.2.13)

Thus, we arrive at a sequence of approximate solution
yi(x), ¥a(x), ..., ¥ulX)

1.3 Sturm - Liouvielle Problem

A special kind of boundary value problems are known as
Sirum=Lioville problems. Such problems anise in physics and
engineering and help solving boundary value problems of partial
differential eguations.

Definition. A second arder differential of the form

i—[ﬂ-ﬂ%}ﬁq{ﬂdﬂ:}h -0

where pm q and r are real functions, p has a continuous derivative,
g and r are continuous; p(x)=0, r{x)=0 for all xe[a,b]iis a
parameter independent of x and y satisfies the boundary conditions

Aral+ 4,y (a) =08, a)+ B, (b)=0
Al, A2, Bl, B2 being real constants such that Al and A2 are not
both zero, Bl and B2 are not bath zero, is called a Strum-
Liouwville problem.

Example : The boundary value problem
1
%+ Ay =0, 10) = 0, y{x) = 0

15 8 Sturm-Liouville problem, as the equation ¢an be written

%[1 .%]+[ﬂ+i.1}}‘={l‘

with the boundary conditions
1p(0)+0p' (D) =0
Iyx)+ 0 (m) =0



Definition: The values of the parameter 4 of a Sturm-Liowville
problem for which there exist non-trivial solutions of the problem
are called eigen values or characteristic roots of the problem. The
comesponding non-trivial solutions themselves are called eigen
functions or characteristic functions of the problem.

1.4 Existence and Uniqueness of Solution

Just as a differential equation of the first order need not have a
solution always, an equation of the second or higher order may not
have a solution. However, a set of sufficient conditions has been
devised a guarantee the existence and uniqueness of a solution of
such an equation. Since the theorem of existence and uniquencss
for an nth order equation may readily be derived by reducing 1 1o a
system of equations for which the existence and uniqueness has
already been proved, we state here the related conditions and don™t
give the proof of the theorem.

1.3.1 Existence and Uniqueness theorems

There exists aunique solution of an nth order differential
equation p*™ = f{x, ... """} that satisfies the conditions

xS = Yo b (%) = ¥oa V(%) = ¥t () = g™

is the neighbourhood of the initial values (g, g, ¥4 o), the
function [ is a continwous function of all of the imitial arguments
and satisfies the Lipschitz condition with respect to all arguments
from the second onwards.

Statement, Let f{x, y)be continuwous in a domain D of the

(x, ¥)plane and let M be a constant such that (14.1.1)
FIENY L - inD. Let f(x,y)satisfy in D the Lipschitz

condition in » namely

FEZDET(ER™S B 4™ o (1.4.1.2)
where constant K is independent of =, 3,,);.
Let the rectangle R, defined by

v —xe| < Ay =y o (14.1.3)

lie in D, where Mh<k Then for |x—x,)<h the differential
equation dy/de = f{x, y)has a unique solution y = p(x) for which
¥(Xal=¥o



Proof:
We shall prove this theorem by the method of successive

approximations. Let x be such that |[x—x,|< k. We now define a

sequence of functions y,(x), »,(x),... ¥, (x)..., called the successive
approximations{or Picard Iterants) as follows:

»ix)=y,+ ‘j..ﬁ-:'-. J"n:m-r'-'
i

Yol x) = 3+ [ iz, 3,)de
iy

>— .. (14.1.4)

Yot (%)= vy + [fx, 3, ;)ee
*

Vol X) =y + : Sxy, e
] J

We shall divide the proof into five main steps.

First Step:
We prove that, for x-h<xsx +hthe curve

¥ =¥, (x)lies in the rectangle B, that istosay y, -k<p<y, +k.

'j;'{xpyum{

< [|foan)ldd by .. (1.404)
*

of |}'1—}r.|EM|I-:,|£ﬁﬂi-ﬂr,
By (1.4.1.1),(1.4.1.3) and the given resukt viz. Mk < k.
This proves the desired result for n=1.Assume that
¥ = Fpa(x)
lies in K and so f[x.y,,] is defined and continuous and
satisfies

Mo |J"| - ."'nF .

|l f(x. ¥l = M on [x,—h,z, +h].

}f{:.yn-.}%
a

g ]]I{Lr.-ﬂ'lliﬂ

From (4),we have [y, -3, =




S M|x-x,|<Mh<k,
as before which shows that y (x)lies in R and hence
fix,y,) is defined and continwous on [x, ~h,x, + k].The above
arguments show that the desired result holds for all n by induction.

Second Step.

We prove again by induction, that
MK™
Yo~ You| S——lx-xf oo (L4.1.5)

We have already verified (1.4.1.5) for n=1 in first step
where we have shown that [y, ~ y,| < M|x—x,| .Assume that this
inequality (1.4.1.5) holds for n-1 in place of n, that is let

m=f

. (14.1.6)

ME™
{n—m'x'x"

f-!'rn'\-l .--vm-h!g
Then , we have

= Foal =| JUFO6 3 )= Flx e by (1.4.0.4)
g

0or

Vo= Yeul € 30 flmpaa)de (14.07)

Lipschitz condition {1.4.1.2) gives

My )=y | s Ky — Yo o (14.1.8)

Form (7) and (B) ,we get
¥ = Y| 5 [K|vus =y} ]
“
g MK Jeonl by (1.4.1.6)

(=1 m
Hence by mathematical induction, we conclude that
(1.4.1.5) is true for each natural number n.

Third Step.

We shall now prove that the sequence y, converges
uniformly to a limit forx, ~h<x=x, + 5.



For the interval under consideration, |.1: —.r,,l =h.
Hence from second step, we have

< 1% triee for all f.

Hxﬂ—'lh.!-
I

¥, =¥

Uising this ,the infinite series

Vot W =¥+ (0 =3+t = W0+ (14T
< ¥y + MR+ %Hﬁhi ot MK 4

n!

S_].J,+E“Hr[eJEJI —1]

which is known to be convergent for all values of K.h and
M. Conscquently, the series {1.4.1.9) is surely convergent. Thus, by
the Weirstrass M-test, the series (1.4.1.9) converges uniformly on
[z, =2, +h] Now since the terms of (1.4.1.9) are continuous

function of x, its sum
Iim v, {x) = Wx), say, e (141,100

[‘-'J',. =¥ +i{}', —J',.-.Il]

must be continuous.
Fourth Step.

We now show that = y(x)satisfies the differential
equation dy /dx = f(x, ¥).
Since y, (x)tends uniformly to p(x) in [:,] - h, X, +h] amd
by Lipschitz condition,
|y = fix s Kly-y,
it follows that f[x, y (x)]|tends uniformly to f[x, Wx)].
Apgain from (1.4.1.4) we have

polxvm g+ [z, (2
L]

or 1.1_2: Y. (x)= +!E ]fIx,_}rﬂ__l{:}}ﬁ,,hﬁiﬂg n—4om,



Since the sequence f[x, v (x)]. consisting of continuous
functions on the given interval, converge uniformly to f[x, Wx)]

on the same interval, the interchanges of limiting operations given
bellow are valid . Thus using (1.4.1.10), we have

Ha) =y + [limf x5, (0)]dx
L]

or  yx)y=y+ [Fxon) .. {14.1.11)
q_

the mnteprand on the nghi-hand side of {1.4.1.11) being a
continuous function of x, we conclude that the integral has the
derivative thus, the limit function {r)satisfies the differential
equation dy/dx = f(x.¥} on {J.',,—Fn:,,+-ﬁ] anvd i3 such that
M=y,

[In the above four steps we have thus proved the existence

of a solution of the given initial value problem. The next step will
show that the solution v{x) i= unique.

Fifth Step.

Unigueness of the solation:
We now prove that the solution y= y(x)just found is the

only solution for which Wz, )= ¥,.

Assume if possible y = ¥{x}, say, is another solution of the
given initial value problem.

Let [F{x)—wx)| s Bwhenx,—hsxsx, +h .. (14.1.12)

It may be noted here that we can surely take B=2K.
From (1.4.1.11), we et

F{x)- wix) = ]‘[ﬂx. Fix)}— fix, vix)}
or  [rex)-y(o) = f|f e ¥ - ey e
L
of  |F{z)-pix)|sK :FI]"'{I:I—J’{I]-'.'E'II .- (1.4.1.13)
L]

[ Lft=, F(=)} - fix 002} < K[¥(x) - »(x)| by Lipschitzcondition |

or  |Fix)-p(x)| 5 KBJx - x| using (12) L (1.4.1.14)
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MNow substituting (14) for integrand in (13) ,we get
x i — 1
[Fix) - pix)| < K°B [ --:nl.ingﬂﬁl- o (L4115
I*

2!
again substituting {1.4.1.15) for integrand in (1.4.1.13) ,we get

& r
|¥ix)—yix)| = K f

2
e
Continuing in this way , we shall surely get

n - B A
|Jr'{'.:]|—,1-|{.:]|5|£ E;r al 55{“:} e (14.1.16)

( Kk)"
n!

Now the series 3 B0) converges, and so lim 857 _g.
= n! e
Thus |}"{J.'}—_r[.1.']|| can be made less than any number however

small and consequently we conclude that
¥ix)-wx)=0ie. Flx)=wx).
This shows that the solution y= w(x) 15 always umque, and the

proof of the theorem is complete,

1.4 Linear dependence and independence of
solutions of an equation

Let ¥3, ¥2,...,%: be n solutions of the linear differential equation
if + P i::JI'?+.-..+ Pym(

where Py, Py, ...P, are functions of x or constant.
There n selutions vy, ¥3.....¥s 8re said to be lincarly dependent, if
there exists a set of n constants ), 83,., .8, at least one of which is
different from zero, such that

If no such set of n constants a,, &,...,&, exists then the solutions v,
Y-+ -a¥n 80¢ 5aid to be linearly independent.

1.5 Wronskian

The determinamt



B ¥ o K|

¥ ¥ - ¥y
i'F'l:I::I = | Fi i
J-',hl I].-';_I N .:"'.-r‘-l!

11

is called the Wronskian of the set of functions vi, 2. ¥1.... Yo

Example, Show that the Wronskian of ¢ coshx and
& sin b (b = 0} is be™

Sol. Let y, we™ coshx and y, = ¢ sinbx

Then, Wronskian of v, ¥ is

W=t 73
n oM
i e coshx €< s by J
“(acoshx —bsinbx) e (asinbx+ bcoshx
= EEI!.I:

1.7 Self assessment question.

1. Show that f{x, ¥)=x" satisfies the Lipschitz condition on
rectangle |x| < L]y <1 but does not satisfy a Lipschitz condition on

the stripx| < L] <.

2. Show that the conditions for the existence and uniqueness of
a solution of the following initial value problem are not satisfied by

the function f(x,¥)=(y=1)/x in any rectangle R of xy-plane
with {0,1) as its centre : v =({¥-1)/x, {01 =1 but a soluticn docs
exist of above. Give reason for your answer. Draw some possible

solution curves,

3. Show that the solutions ¢',¢™ and &™ of y, ~2p, -y, +2y=0
are linearly independent and hence or otherwise solve the given

equation.
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1.8 Let us sum up:

In this block we have covered the following points:

2.

3.

We give the concept, how does a differential equation
originates,

We introduced the concept of initial and boundary value
problem and defined the Sturm-Liouvielle problem

We discussed the existence and uniqueness of solutions
We gave some theorem with proof on dependence of
solutions

We introduced the Wronskian and its use in linear
independence of solutions,
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BLOCK 2
PARTIAL DIFFERENTIAL EQUATIONS OF THE FIRST
AND SECOND ORDER

Structure

2.0 Introduction
2.1.0bjectives
2.2 Linear First order Partial Differential Equations
2.2.1. Origins of first order PDE
2.2.2. Caichy's Problem of first order
2.2.3. Linear equations of first order
224, Integral surface
2.2.5. Surface orthogonal to a given system of surfaces
2.3 Non-linear first order PDE
2.3.1. Equsations of first order
2.3.2. Compatible system of first order equations
2.3.2.1. Self Assessment questions
2.3.3. Charpit's Method
2.3.3.1. Self Assessment Questions
2.3.4. Special types first order equations
2.3.4.1. Self Assessment Questions
2.1.5. Jacobi's Method
2.3.5.1. Self Assessment Questions
2.4.Second order FDE
24.1. Linear equations with constant co-efficient
2.4.1.1. Self Assessment Questions
2.4.2, Characteristic curves
2.4.2.1. Self Assessment Questions
2.4.3, Reduction to canonical forms
2.4.3.1. Self Assessment Questions
2.4.4. Separation of Variables
2.4.4.1. Self Assessment Questions
2.4.5. Monge's method
2.4.5.1. Self Assessment Questions
2.5,  Letus sum up

2.0 Introduction

An equation involving partial differential co-efficient of a
function of two or more independent vanables s known as a partial
differential equation. If a partial differential equation contains nth
and lower order denvatives, it i said to be an nth ‘order’ equation.
The ‘degree’ of such equation is the greatest exponent of the
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highest order. The equation will be called ‘linear® 1f, it is of first
degree in the dependent variable and its partial derivatives (i.c. the
products or powers of the dependent variable and its partial
derivalive must be absent). An equation containing power or
products of the dependent variable and its derivatives is called a
*non-lmear” partial differential equation.
If x, v are the independent vanables and = is the dependent

variable, the following notations are used

EE_ :E r:a—rf 3:313 r=a:E
= .Br' ) E.b.lr .a]_':ll &‘Q}Ir

if %1, X2, ..., X are the independent variables then

(5 oz oz

"E;I v = 'a}:_!r"'l F"-LT'HT

are also used,
Sometimes, partial derivatives are denoted by making use of
suffices, Thus

o=

“;Eﬂ “:@ _|,|!=E B =& d =ﬁtln
Tt T &y T & " & &k
2.1 Objectives

After studying this unit, you will be able to:

» Know what & partial differential equation is, how does it
occur and how does a PDE be obtained.

+ Know what an integral surfasce and what an orthogonal

surface is

Solve equations using Charpit’s and Jacobi’s method

Solve linear second order equations

Reduce to canonical forms

Solve nop-linear equations using Monge's method.

- % & @&

2.2. Linear First order Partial Differential Equations

We now proceed to the study of partial differential
egquations proper. Such eguations arise in geometry and physics
when the number of independent variables in the problem under
discussion is two or more. When such is the case, any dependent
variable is likelv to be a function of more than one variable, so that
it possesses not ordimary denvatives with respect to a single
variable but partial derivatives with respect to several vanables.
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For instance, in the study of thermal effects in a solid body the
temperature 8 many vary from point o point in the solid as well as
from time to time, and, as consequence, the derivatives

20 00 26 26

& & & &
will, in genera, be nonzero. Furthermore in any particular problem
it may happen that higher derivatives of the type

a'e #'e o'

[
& ot aiee

may be of physical significance.

When the laws of physzics are applied to a problem of this
kind, we sometimes obtains a relation between the derivatives of
the kind

= )=0 (2.2.1)

Such an equation relating partial derivatives is called a partial
differcntial equation.

Just as in the case of ordinary differential equations, we
define the order of a partial differential equation to be the order or
the derivative of highest order occurring in the equation. If, for
example, we take 8 variables to be dependent variable and x, v and
t to be independent vartables, then the equation

g = % (2.2.2)

is a second-order equation is two variables, the equation

L]
[E] + % =0 (2.2.3)

is a first-order equation in two variables, while

2e a8 ad
B Y g mme i 224
Iﬂ:.' +P-ﬂy + E!i' 0 ( )
is a first-order equation in three variables.
In this chapter we shall consider partial differential
equations of the first order, i.e., equations of the type
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o
F(E',E,.-.-] -0 (2.2.5)

In the main we shall suppose that there are two independent
variables x and v and that the dependent variable is denoted by 2. If
Wi Wit

Gz e
=7 =-— 26
P e q o (2.2.6)
we se¢ that such an equation can be written in the symbolic form
feyzpg)=0 (2.2.T)

2.2.1. Origins of First-order Partial Equations

Before discussing the solutions of the type (2.2.7) of the last
section, we shall examine the interesting question of how they
arise. Suppose that we consider the equation

(2.2.1.1)
x4y ${z=c) =a®
in which the constants a and ¢ are arbitrary. Then equation (2.2.1.1)
represents the set of all spheres whose centers lie along the z axis.
If we differentiate this egquation with respect to X, we obtmn the
relation

X+ pz=-c)=0

while if we differentiate it with respect to v, we find that

yrag(z—ch=0
Elimination the arbitrary constant ¢ from these two equations, we
obtain the partial differential equation
(2.2.1.2)
yp=xqg=0
which 15 of the first order. In some sense, then, the set of all
spheres with centres on the z axis 15 charactenized by the partial
differential equation (2.2.1.2).
However, other geometnical entities can be descnbed by the
same equation. For example, the equation
(2.2.1.3)
r'."+I}I_! ={1"—ﬂlllﬂﬂzﬂ
in which both of the constants ¢ and o are arbitrary, represents the
zet of all right circular cones whose axes coincide with the line Oz,
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If we differentiate equation (2.2.1.3) first with respect to x and then
with respect to ¥, we find that.

plz—c)tan’ & = x, q{z—c}mr:’tr:}r (2.2.1.4)
and, upon eliminating ¢ and « from these relations, we see that for
these cones also the equation (2.2.1.2) is satisfied.

MNow what the spheres and cones have in common is that
they are surfaces of revolution which have the line Oz as axes of
symmetry. All surfaces of revolation with this property are
characterized by an equation of the form

(2.2.1.5)

2= f(x"+)7)
where the function fis arbitrary. Now if we write x” + _1-':' = y and
differentiate equation (2.2.1.5) with respect to x and v,
respectively, we obtain the relations

p=2x1"(u), i =23 (u)

where f ‘fu) = df /du, from which we obtain equation (2) by
eliminating the arbitrary function f{n).

Thus we sec that the function # defined by each of the
equations (2.2.1.1), (2.2.1.3), and (2.2.1.5} 1%, in some Sense, a
“solution™ of the equation (2.2.1.2),

We shall now generalize this argument slightly. The
relations (2.2.1.1} and (2.2.1.3) arc both of the type

(2.2.1.6)

F(x,y,z,a.b)=0
where a and b denote arbitrary constants. If we differentiate this
equation with respect to x, we obtain the relation

(22.1.7)
ai+.p'-af-=ﬂ, E+q£=ﬂ
o & &

The set of equations (2.2.1.6) and (2.2.1.7) constitute three
equations involving two arbitrary constants a and b, and, in the
general case, it will be possible to eliminate a and b from these
equations to obtain a relation of the kind. )

(2.2.1.8)
flx, vz, p.q)=0
showing that the system of surfaces (2.2.1.1) gives rise to a partial
differential equation (2.2.1.8) of the first order.

The obvious generalization of the relation (2.2.1.5) is a
relation between x, y and z of the type

(2.2.1.9)

Flu,v)=10
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where u and v are known functions of x, v and z and F is an
arbitrary function of u and v. If we differentiate equation (2.2.1.9)
with respect to x and y, respectively, we obtain the equations

mlz 2 wla &’

ala a e ala

i

and if we now eliminate &F/du and &F/ & from these equations,
we obtain the equation

d(n,v)  Nuy)  Hw,v)
=+ - 22.1.10

Py Tazn dny) e
which is a partial differential equation of the type (2.2.1.8).

It should be observed, however, that the partial differential
equation (2.2.1.10) is a lincar equation; i.e., the powers of p and g
are both unity, whereas equation (2.2.1.8) need not be lincar. For
example, the equation

(x=a) +(y=0P +z' =1

which represents the set of all spheres of unit radius with centre in
the plane xOy, leads to first-order non-linear differential equation

221+ pt +q' )=

2.2.2. Cauchy’s Problem for First-order Equations

Though a complete discussion of existence theorems would
be out of place in a work of this kind, it is important that, even at
this elementary stage, the student should realize just what is meant
by an existence theorem, The business of a existence theorem is to
establish conditions under which we can assert whether or not a
given partial differential equation has a solution at all; the further
step of proving that the solution, when it exists, is unique requires a
unigueness theorem. The conditions to be satisfied in the case of a
first-order partial differential equation are conveniently crystallized
in the classic problem of Cauchy, which in the case of two
independent variables may be stated as follows:

Cauchy 's Problem. IT
(&) xofg), yelay) and zofgy) are functions which, together with
their first derivatives, are continuous in the interval M defined by

Hp < = g
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(b) And if Fix, ¥. . p. q) i a continuwous function of x, v, 7,
p and q in a certain region U of the xvzpg space, then it is required
1o establish the existence of the functions éf, y) with the following
properties:

(1) (x, ¥) and its partial derivatives with respect to x and y
are continuous function of x and y in a region R of the xv space.

(2) For all values of x and v lying in R, the point /x. » #x
¥ i, ¥, dhix, y)f lies in U and

Flx, y.#(x, 30,8, (x, )8, (x. )= 0

; EI}IIJFM a]l:tm b:lunii::g to the interval M, the point [xaf,
Vol i) ng to the region R, and

P, (), yo ()} = 2,

Stated geometrically, what we wish to prove 1s that there
exists a surface 2 = @k, 1) which passes through the curve I whose
parameiric equanons are

x=xg(pd  y=wlph z=z{u), (2.2.2.1)

and at every point of which the direction (. g. -1} of the normal is
such that

Flx,y.z,pq) = (2.2.2.2)

We have given only one form of the problem of Cauchy.
The problem can in fact be formulated in seven other ways which
are equivalent to the formulation above, The significant point is
that the theorem can not be proved with this degree of penerality.
To prove the existence of the solution of equation (2.2.2.2) passing
through a curve with equations (2.2.2.1) it is necessary t0 make
some further assumption about the form of the function F and the
nature of the curve I'. There are, therefore, a whole class of
existence theorems depending on the nature of the special
pssumptions. We shall not discuss these existence theorems here
but shall content ourselves with quoting one of them to show the
nature of such a theorem. For the proof of it the reader should
consult pages 32 to 36 of Bernstein's monograph cited above. The
classic theorem in this ficld is that due to Sonia Kowalewski;

Theorem 1. If gfy) and all its derivatives are comtinuous
for'ly - yol < & if xo is a given number and 2o =gy, g = £ (o,
and if fix, v, z, g) and all ity partial derivatives are comlinuous in o
region 5 defined by

le—xof <& D-pl=d |g-ql=§
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them there exists a unigue furcrion ¢, v) such thar:
fa) &x, vl and all its particl deriwarives are confinuous in a
region R defined by
lx—xg| < & =l < S
(B For all ix, y} in B z = ¢x, y) is solution of the equation

a_f &
ﬂ[_ l..'l'l-l-'l,._l.!.lI

{e)For all values of y in the imterval |y = yo| < &, ¢xa ¥ = gl

Before passing on to the discussion of the solution of first-
order partial differential equations, we shall say a word about
different kinds of solutions, We saw in Sec. 2 that relations of the

type
Fix,v,z.a,b)=0 (2.2.2.3)

led to partial differential equations of the first order. Any such
relation which contains two arbitrary constants a and b and s a
solution of & parual different:al equation of the first order is said to
be a complete solution or a complete integral of the equation. On
the other hand any relation of the type

Flu, vi=0 (2.2.2.4)

involving an arbitrary function F connecting two known functions
u and v fo x, ¥ and z and providing a solution of a first-order partial
differential equation is called a general solution or a general
integral of that equation.

It is ohvious that in some sense a general integral provides a
much broader set of solutions of the partial differential equation in
guestion than does a complete integral. We shall see later,
however, that this is purely illusory in the sense that it is possible to
derive a general integral of the equation once a complete integral 15
known,

2.2.3. Linear Equations of the First Order

We have already encountered linear equations of the first
order in Sec. 2, They are partial differential equations of the form
Pp+Qgq=R (2231)

where P, Q and K are given functions of x, y and z {(which do not
involve por q), p denotes & 7 & g denotes &/ &, and we wish to
find a relation between x, ¥ and z involving an arbitrary function.
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The first systematic theory of equations of this type was given by
Lagrange, For that reason equation (2.2.3.1) is frequently referred
to as Lagrange’s equation. Its generalization to n independent
variables is obviously the equation

(2.2.3.2)

where X, Xa, ..., X, and Y are functions of n independent
variables xy, x3, ..., X, and a dependent variable f; p; denotes &1 /By,
(i=1, 2, ..., n). It should be observed that in this connection the
team *lincar™ means that p and q (or, in general case, py, P2 -..0 Pa)
appear to the first degree only but P, ), R may be any functions of
%, ¥. and z. This is in contrast to the situation in the theory of
ordinary differential equations, where z must also appear linearly.
For example, the eguation
& & 5
I—+p—=I"+%

ox
15 linear, whereas the equation

dz
[ LR

is not,
The method of solving linear equations of the form (2.2.3.1) iz
contained in Theorem 2,

Theorem 2: The general solution of the linear partial differential

equation

Pr+g=R (2.2.3.1)
is

Flu,v)=0 (2.2.3.3)

where F is an arbitrary function and a(x, »,z) = ¢, and
vix, ¥.2) = ¢, form a solution of the equations

We shall prove this theorem in two stages;

{a) We shall show that all integral surfaces of the equation (2.2.3.1)
are generated by the integral curves of the equations (2.2.3.4);

(b) and then we shall prove that all surfaces generated by integral
curves of the equations (2.2.3.4) are integral surfaces of the
equation (2.2.3.2).
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(a) If we are given that z = f(x, ¥) is an integral surface of the
partial differential equation (2.2.3.1), then the normal to this
surface has direction cosines proportional to {p.g=1) and
the differential equation (2.2.3.2) i5 no more than an
analytical statement of the fact that thiz normal 1s
perpendicular to the direction defined by the direction ratios
(F.0.R). In other words, the direction (P, R)is

tangential to the integral surface 2 = f(x, ¥}

If therefore, we start from an arbitrary point M on the
surface and move in such a way that the direction of motion is
always (P, {),R), we trace out an integral curve of the equation
(2.2.3.4) and since P, () and R are assumed to be unigue, there will
be only one such curve through M. Further. since (P, Q, R} is
always tangential to the surface, we never leave the surface. [n
other words, this mtegral curve of the equations (2.2.3.4) lies
completely on the surface.

We have therefore shown that through each point M of the
surface there is one and only one integral curve of the equations
(2.2.3.4) and that this curve lies entirely on the surface. That 15, the
integral surfasce of the equation (2.2.3.1) is gencrated by the
integral curves of the equations (2.2.3.4).

(b) Second, if we are given that the surface z= f{x, y)is
generated by integral curves of the equations (2.2.3.4), then we
notice that its normal at a general point (x, v.z) which is in the

direction {%,E,—l] will be perpendicular 1o the direction

(P, 0, R)of the curves generating the surface. Therefore

_F E + QE -F=10

v

which is just another way of saying that z = f(x, »)i% an integral
surface of equation (2.2.3.1).
To complete the proof of the theorem we have still o prove that
any surface generated by the integral curves of the equations
{2.2.3.4) has an equation of the form (2.2.3,3). Let any curve on the
surface which is not a particular member of the system.

wx, y.2)=¢, wWx, p o) m e, (2.2.3.5)
have equation
#ix. p,z)=0, plx, y,z)=0 (2.2.3.6)

If the curve (2.2.3.5) 15 a generating curve of the surface, it will
intersect the curve (2.2.3.6). The condition that it should do so will
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be obtained by eliminating x, y and z from the four equations
(2.2.3.5) and (2.2.3.6). This will be a relation of the form

Fiey,ep) =10 (2.23.7)
between the constants ¢ and ¢3. The surface is therefore generated
by curves {2.2.3.5) which obey the condition (2.2.3.7) and will
therefore have an eguation of the form

Flu,vi=0 (2.2.33)

Conversely, any surface of the form (2.2.3.3) is penerated
by integral curves (2.2.3.5) of the equations (2.2.3.4), for it is that
surface generated by those curves of the svstem (2.2.1.5) which
satisfv the relation (2.2.3.7).

This completes the pro of the theorem.

We have used a peometnical method of proof 1o establish
this theorem because it seems o show most clearly the relation
between the two equations (2.2.3.1) and (2.2.3.4).

2.2.4. Integral Surfaces Passing through a Given
Curve

T E———— e ———— e TR W Y S, i o ik e i s i e o ——— ——

Earlier we studied a method of finding the general solution
of a lineor differential equation. We shall now indicate how such a
general solution may be used to determine the integral surface
which passes through a given curve, We shall suppose that we have
found two solutions

wx yIl=e, W, pil=re, i(2.2.4.1)
of the auxiliary equations (2.2.3.4). Then, as we saw in that section,
any solution of the corresponding linear equation is of the form

Fluv)=10 (2.2.4.3)
arising from a relation
Fic,.c;}=0 (2.2.4.3)

between the constants ¢y and ¢z, The problem we have (o consider
i5 that of determining the function F in special circumstances,

If we wash to find the integral surface which passes through
the curve ¢ whose parametric sguations ane

x = x{t), ¥ = plr), = z(r)

where 1 is a parameter, then the particular solution (2.2.4.1) must
be such that

wleln), 200} = ¢, vl pe) 20} = ¢,
We therefore have two equations from which we may eliminate the
gingle variable t to obtain a relation of the type (2.2.4.3). The
solution we are seeking is then given by (2.2.4.2).
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2.2.5. Surfaces Orthogonal to a Given System of
Surfaces

An interesting application of the theory of linear partial
differential equations of the first order is to the determination of the
systems of surfaces orthogonal to a given system of surfaces.
Suppose we are given a one-parameter family of surfaces
characterized by the equation

Jfix,y,2)-¢c (2.2.5.1)
and that we wish to find a system of surfaces which cut each of
these given surfaces at right angles.

The normal at the point (x, ¥, 2) to the surface of the system
(2.2.5.1) which passes through that point is the direction given by
the direction ratios

|y Y
(P.0.R) ( = a:] (2252)
[f the surface with equation

z =g¢x, ¥) (2.2.53)

cuts each surface of the given system orthogonally, then its normal
at the point (x, y.z) which is in the direction

- - I"“II
)
is perpendicular to the direction (F,Q,R) of the normal to the

zurface of the set (2.2.5.1) at that point. We therefore have the
linear partial differential equation

i i
P— —a R 5.4
.fj;-+ﬂﬂ:r' (2.2.54)

for the determination of the surfaces (2.2.5.3). Substituting from
equation (2.2.5.2), we see that this equation is equivalent to

Hoe ¥ &
M dx vy &

Conversely, any solution of the linear partial differential equation
{2.2.5.4) is orthogonal to every surface of the system characterised
by equation (2.2.5.1), for (2.2.5.4) simply states that the normal to
any solution of (2.2.5.4) is perpendicular to the normal to that
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member of the system (2.2.5.1) which passes through the same
point.

The linear equation {2.2.5.4) 15 thercfore the gencral partial
differential equation determining the surface orthogonal to
members of the system (2.2.5.1); i.e., the surfaces orthogonal to the
system (2.2.5.1) are the surfaces generated by the integral curves of
the equations

& _ & _ &

fde offevy Il

(2.4.5.5)

— T r e T i e

2.3. MNon-linear first order PDE

2.3.1. Equations of first order

We tum now to the more difficult problem of finding the solutions
of the partial differential equation
(2.3.1.1)
Fix,y,z,p.q) =0

in which the function F is not secessarily lirear in p and a.
The partial differential equaitoq of the two parameter system is of
the farm

(2.3.1.2)
iz yz.a.byul

Any envelope of the system (2.3.1.2) touches at each of its points a
member of the system. It posses therefore the same set of values
(x, 7,2, p.g) a5 the particular surface, so that it must also be a
solution of the differential equation. In this way we are led to three
classes of integrals of a partial differential equation of the type
(2.3.1.1).

(@) two parameter systems of surfaces Sz v zabh=0

such an integral ts called a complete integral.

(b) If we take any one-parameter sub svstem f(x, yv.2.a,.8a))=0
of the system (2.3.1.2) and form its envelope, we obtain a solution
of equation (2.3.1.1). When the function ¢{a)which defines this
subsystem is arbitrary, the solution obtained is called the general
integral of (2.3.1.1) corresponding ¢ the complete integral (2.3.1.2).
When a definite function @{a)is used, we obtain a particular case
of the general integral.

() If the envelops of the two-parameter svstem (2.3.1.2) exists, it
is also a solution of the equation (2.3.1.1); it is called the singular
integral of the equation.
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We can illustrate these three kinds of solution with
reference to the partial differential equation
(23.1.3)

214 p' +97) =1
We have
(2.3.1.4)
(x—a) +(y-a) +2' =1

was a solution of this equation with arbitrary a and b. Since it
contains two arbitrary constants, the solution (2.3.1.4) i3 thus a
complete integral of the equation (2.3.1.3).

Putting b=a in equation (2.3.1.4), we obtain the one parameter
subsystem

(x—a) +({y-a) +2' =1
whose envelope is obtained by eliminating a between this equation
and

xty-2a=({

(2.3.1.5)
0 that it has equation (x = y)* + 227 =2
Differentiating both sides of this equation with respect to x and v
respectively, we obtain the relations

2zp=y-x, 2rg=x-y
from which it follows immediately that (2.3.1.5) is an integral
surface o the equation (2.3.1.3). It 1% a solution of type (b); 1. il is
a peneral integral of the equation (2.3.1.3)

The envelope of the two-parameter system (2.3.1 3) is
obtained by eliminating a and b from equation (2.3.1.4) and the two
equations

x-a={) y-b=0
i.e., the envelope consists of the pair of planes = = £1. It is readily
verified that these planes are integral surfaces of the equation
{2.3.1.3); since they are of type (c) they constitute the singular
integral of the equation.

It should be noted that, theoretically, it is always possible to
obtain difTerent complete integrals which are not equivalent to each
other. i.c., which cannot be obtained from one another merely by a
change in the choice of arbitrary constants. When, however, one
complete integral has been obtained, every other solution,
including every other complete integral, appears among the
solutions of type (b) and (¢} corresponding to the complete integral
we have found.

To illustrate both these points we note that

(y-mx—c)® =(1+m*X1-2%) (2.3.1.6)
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is o complete integral of equation (2.3,1.3), since it contains two
arbitrary constants m and ¢, and it cannot be derived from the
complete integral (2.3.1.4) by a simple change in the values of a
and b. It can be readily shown, however, that the solution (2.3.1.6)
is the envelope of the one-parameter sub system of (2.3.1.4)
obtained by 1aking b=ma-tc.

2.3.2. Compatible system of first order equations

We shall next consider the condition o be satisfied in order
that every solution of the first-order partial differential equation

(2.3.2.1)
f ey zp.g)=0
is also a solution of the equation (2.3.2.2)
gy, pq =0
When such a situation arises, the equations are said to be
compatible.
If (2.3.2.3)
ife)
J=—=—==z(
o)
we can solve equations (2.3.2.1) and (2.3.2.2) 1o obtain tee explici
EXPressions (2.3.2.4)
p=Hnpzh q = pir. .z

for p and g. The condition that the pair of equations (2.3.2.1) and
(2.3.2.2) should be compatible reduces then to the condition that
the system of equations (2.3.2.4) should be complexly integrable,
Le., that the equation

et + ey — diz = 0
should be integrable. We have that the condition that this equation
is integrable is

Fl=p ) +p(d )=y, -¢,)=0
which is equivalent to

w, + gy, =g, + g, (2.3.2.5)
Substitmting from equations (2.3.2.4) into equation (2.3.2.1) and
differentiating with regard to x and z, respectively, we obtain the
equations

Jr‘ * _p#"'fr‘-l"": =0

S+ fp, =0
From which it is readily deduced that

Jovd, + Flg v )+ M, # 8y, )=0
Similarly we may deduce from equation (2.3.2.2) that
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g, v+ 8,06 +98.)+ g (v, +éy.)=0
Solving these equations, we find that
| [&(f.g) ﬂf¢%
+ Pz = =g + (2.3.2.6)
gkt o J{ﬂ!ﬂ.ﬂ}i &Nz, o)

where J is defined as equation (2.3.2.3).
If we had differentiated the given pair of equations with respect to

y and z, we should have obtained
| [3(f.8) autg}}
= S e —— (2327
B, +, .f{ﬁr, ") W 3z, )

g0 that, substituting from equations (2.3.2.6) and (2.32.7) into
equation (2.3.2.5) and replacing @.y by p. q respectively, we sce
that the condition that the two conditions should be compatible 1s
that

[r.g]=0 (23.2.8)

af,g).  of.g) Hf.g)

where "r_,g B e + [ +— L

18] Axp) ~ #zp) g
{23.29)

Example. Show that the cquation
xp=a, «  Ixp+yg)=2xy
Are compatible and solve them.
Solution: In this example we may take
f=xpmygg=z(xp+y)i-2xy sothat

E{iﬂ =" @j = =yt ﬂ-‘r..'_-f_]' = 2y
Awp) O A T Arg
af.8) _
&z.q) oE

From which it follows that
[£.g)=xptyg—xp)=0
since  xp*yqg. The equations are therefore compatible.
It is reedily shown that pVy/z,g=x/z 5o that we have o
solve
zdz=ydx+xdy
which has solution
z'=cy+2xy
where ¢, is a constant.

2.3.2.1. Self Assessment Questions:

. Show that the cquations fix,y.p.q)=0, g(x.y.pq)=0 are
compatible if
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afig) , A8 _
&x,p)  Ap.q)
Verify that the equations p=P{x.y), g=(Xx.y) are compatible if

oF 2
& o

2. 1f w, = Buldc,u, =8u/dy,u, =!8, show that the equations
xyzuoupum)=0,  glxyzu,uu)=0

are compatible if
af.e) élf.g) olf.g) -0
'ﬁ--rr""'l::' a‘:..!"'r“r} '3{-1-'-. H:I

2.3.3. Charpit's Method

A method of solving the partial differential equation
fixy.zpa)=0
(23.3.1)

due to Charpit, is based on the considerations of the last section.
The fundamental idea in Charpit's method is the introduction of a
second partial differential cquation of the first order

g {x.y,z.pqF0
(2.3.3.2)

which contains an arbitrary constant a and which is such that
{a) Equations {2.3.3.1) and {2.3.3.2) can be solved to give

ppix.y.za), qegix.y,28),
{b) The equation
dz=p{x.yza)dx+ qix.y,z.a)dy

(233.3)
is integrable.
When such a function g has been found, the solution of equation

(2.3.3.3)
(2.3.3.4)

f{xﬁmbH‘J

containing two arbitrary constanis a, b will be a solution of
equation (2.3.3.1).

It will be seen that the equation (2.3.3.4) 15 a complete integral of
equation (2.3.3.1).

The main problem then is the determination of the second equation
(2.3.3.2), but this has already been solved in the last section, since
we need only seek an equation g=0 compatible with the given
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ASf.g) Af.e)_,
o(x,p)  Ay.q)
Verify that the equations p=P(x,y), g=Q{x,y)} arc compatible if

ar 2
By o

2.0F iy = 0w/ dx,u, =8u/dy,u, =Puldz, show that the equations
lx.yzuupu=0,  glayzu,uguF0

are compatible if
Afe), We) 08 _,
Ara) o) Az

2.3.3. Charpit's Method

A method of solving the partial ditferential equation
f{xy.2,pq)=0
(2.3.3.1)
due to Charpit, is based on the considerations of the last section.
The fundamental sdea i Charpit’s method is the introduction of a
second partial differential cquation of the first order

B (%, y,.2p =0
(2.3.3.2)

which containg an arbitrasy constant a and which 15 such that
(a) Equations (2.3.3.1) and (2.3.3.2) can be solved to give

p=p{x.y,z.a), qeqix.y,za),
{b) The equation
dz=p(x.y,za)dx+ q(x,y,z.apdy

(2.3.3.3)
is integrable.
When such a function g has been found, the solution of equation

(2.3.3.3)
(2.3.3.4)

Fix.y,z.b)=0

containing iwo arbitrary constants a, b will be a solution of
equation (2.3.3.1).

It will be seen that the equation (2.3.3.4) is a complete integral of
equation (2.3.3.1).

The main problem then is the determination of the second equation
(2.3.3.2), but this has already been solved in the last section, since
we need only seek an equation g=0 compatible with the given
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2.3.3.1. Self Assessment Questions:

Find the complete integrals of the equations
L (P +q*)y=qz
2. p=(z+q)’

2.3.4. Special types first order equations

In this section we shall consider some special types of first-onder
partial differential equations whose solution may be obtained casily

by Charpit’s method.
(a) Equations Involving only p and q. For equations of the type
fip.q=0 (2.3.4.1)

Charpit’s equations reduce 1o
& dy_ daz _dp N

L, f, f.vaf, 00
An obvious solution of these equations is

p-a (2.3.4.2)
the corresponding value of q being obtrined from (2.3.4.1) in the
form

f{a,q)=0 (2.3.4.3)
s0 that g=Cya)

a constant. The solution of the equation is then
z=ax+(a)y+b (2.3.4.4)

where b is a constant.

We have chosen the eguation dp=0 to provide our second equation.
In some problems the amount of computation involved is
considerably reduced if we take instead dg=0, leading to g=a.

{b) Equations Mot involving the Independent Varables. If the
partial differential equation is of the type
f{z.p.q)=0 (2.3.4.5)
Charpit’s equations take the forms
fo 1y B+, -of, -4,
The last of which leads to the relation

p=aq (2.3.4.6)
Solving (2.3.4.5) and (2.3.4.6), we obtain expressions for p, g from
which a complete integral follows immediately.

(c) Separable Equations. We say that a first-order partial
differential is separable if it can be"written in the form
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fix.pl=gly.q) (2.3.4.7)
For such an equation Charpit’s equations become

& _d& & _dp _ dg

.-rr- _gg F.lr-lp —ii'E.. --IIrJ' _EI
S0 that we have an ordinary differential equation

P

* [nxand p which may be solved to give p as a function of x and
an arbitrary constant a. Writing this equation in the. form
Sodp + _.I"{.:ir=l.l we sec that its solution is f{x,p)=a.. Hence we

determine p, q from the relations

{(x.p)a, g(v.qFa
and then proceed as in the general theory.,

(2.3.4.8)

(d} Clariaut Equations. A first order partial differential equation
i5 said to be of Clairaut type if it can be written in the form

Z=px+qy+i{p.q) {2.3.4.9)
The corresponding Charpit equations are
& __d d b _dg

x+f, y+f, pxrgpipl,+gf, 0 0
S0 that we may take p=a, g=h. If we substitute these values in
{2.3.4.9), we get the complete integral

z=mc-+hy+1(a,b) (2.3.4.10)
as is readily verified by direct differentiation.

T T i

Find complete integrals of the equations
1. p+g=pg

2.r=p'-g*

3. pg=p+q

4. plglx’ +y7)=p" +q

5. prat 427y =x'gi (X7 4+ y7)

2.3.5. Jacobi's Method

Another method, due to Jacobi, of solving the partial differential
equation

Flx.yzpqy0 (2.3.5.1)
depends on the fact that if

ulx,y,z)=0 (2.3.5.2)
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i5 @ relation between x, v and z, then
p=-=t, g=--1 (2.3.5.3)
i, iy

where u; denotes dw /& (i = 1,2,3). If we substitute from
equations (2.3.5.3) into equation (2.3.5.1), we obtain a partial
differential equation of the type

f{x.y .z =0 (2.3.54)

in which the new dependent variable u does not appear.

The fundamental idea of Jacobi®s method is the introduction
of two further partial differential equations of the first order,

Blxyzu 0, higyzonuFEd (2355

involving two arbitrary constants a and b and such that

(a) Equations (2.3.5.4) and (2.3.5.5) can be solved for

(b) The equation

du=udx + wdy + uydu (2.3.5.6)
obtained from these values of u,, uz, Uz is integrable.
When these functions have been found, the solution of equation
(2.3.5.6) containing three arbitrary constants will be a complete
integral of (2.3.5.4). The three constants are necessary if the given
equation is (2.3.5.4); when, however, the equation is given in the
form (2.3.5.1), we need only two arbitrary constants in the final
solution. By taking different cheices of our third arbitrary constant
we get different complete integrals of the given equation,
Ag in Charpit’s method, the main difficulty is in the determination
of the auxiliary equations (2.3.5.5). We have, in effect, to find two
equations which are compatible with (2.3.5.4). Now g and h would
therefore have to be solutions of the linear partial differential
equation

B, 0%, 8 L % L O 5.

foge* Mg Mg —fp - et -fZl=0  (2357)
which has subsidiary equations

E_n}-_da_du,_dul_du'j

fu, fu, fu, -F -p -F
The procedure is then the same as in Charpit’s method,
The advantage of the Jacobi method is that it can readily be
generalized. If we have to solve an equation of the type

..'r| {I| 5 I.! :'""Ill :'Hl e qu } it U

(2.3.5.8)

(2.3.5.9)
where w denotes dudx, (i =12..,n), then we find n-1 auxiliary
functions Sas fyae f, from the subsidiary equations

de, ey, _dr, dw _ dy, du,

S, fuy, T fu, - f —fn O —f
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involving n-1 arbitrary constanis. Solving these for ug, us, ..., Uy we
determine u by integrating the Plaffian equation

du =y ud,
=l
the solution so obtained containing n arbitrary constants. On the
other hand, Charpit’s method cannot be generalized directly.

2.3.5.1.5elf Assessment Questions:

Saolve the problems by Jacobi's method
1. (p*+q"y=gz

2. p=(zqy)’

3. 2" =pgxy

4, xpt+3y —2{2-1{1:{1}

5. A +6xz-2=0

2.4. Second order PDE
2.4.1. Linear equations with constant co-efficient

We shall now consider the solution of a very special 1vpe of linear
partial differential equation, that with constant coefficients. Such
an equation can be written in form

F(D, D"z=f{x.y) (2.4.1.1)
where F(D,D") denotes a differential operator of the type
F(D,Dy=3%, ¥.¢,DrD" (24.12)

in which the quantities c,. are constants, and D =3/ o, D' = @/ dy.
The most general solution i.e., one containing the correct number
of arbitrary elements, of the corresponding homogeneous linear
partial differential equation

FiD,DYz=0 (2.4.1.3)
ig called the complementary function of the equation (2.4.1.1), just
as in the theory of ordinary differential equations. Similarly any
solution of the equation (2.4.1.1) is called a particular integral of
(2.4.1.1).
As in the theory of linear ordinary differential equations, the basic
theorem is:

Thewrem 1. [f u is the complementary function and z, a particular
integral of a linear partial differential equation, then u+z; is a
general solution of the equation.

The proof of this theorem is obvious, Since the equations (2.4.1.1)
and (2.4.1.3) are of the same kind, the solution w+z; will contain



35

the correct number of arbitrary elements to qualify as a general
solution of (2.4.1.1). Also

F(D,D"Yu =0, F(D,D)z, = f(x,y)
so that F(D,D')u+z)= f(x,y)
showing that u+z; is in fact a solution of equation (2.4.1.1). This
completes the proof.

Another result which is used extensively in the solution of
differential equations is:

Theorem 2. If u, uy,...,u, are solutions of the homogeneous linear
partial differential equation F(D, D")z=0, then

Zfrnr
Fal

where the ¢,'s are arbitrary constants, is also a soiunon.

The proof of this theorem is obvious. Since
F(D,D')ec,u,)=c,F(D,DVW,

and  F(D,D)Y v, =Y F(D,DW,
Fel Fall
for any set of functions v,. Therefore

F(D,DYY ¢,u, =Y F(D,D')c,u,)
ra]

Fa]

= ic,F[D._,D'}ur
Fml

= ()
We classify linear differential operators F(D,D’) into two main
types, which we shall treat separately, We say that:
(a) F(D,D") is reducible if it can be written as the product of
linear factors of the form D+aD’+b with a, b constants;
(b) F{D,D") is irreducible if it cannot be written.
For Examgll:, the operator
DD
Which can be written in the form
(D+D')(D-D")
is reducible, whereas the operator
DD _
which cannot be decomposed into linear factors, is irreducible,

(a) Reducible Equations: The starting point of the theory of
reducible equations is the result
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Theorem 3. If the operator F(D,D") is reducible, the order in
which the linear factor occur is unimportant.

The theorem will be proved if we can show that

(e De LET 4 o, D 07 4y b, D B 0T 4, W D4 ) (24.1.4)
for any reducible operator can be written in the form

ﬂDJﬂ=fﬁmﬂ+iﬂWﬁ] (2.4.1.5)

Ful
and the theorem follows at once. The proof of (2.4.1.4) is
immediate, since both sides are equal to

oo D+ (a8, +ea, 5,)DD+ 8,8,

D7 4iya, +ya) Dy, B, +r.0)0 +y.r,

Thearem 4. If :::,D+,.t§,ﬂ'+;:, 15 a factor of F(D,D") and ¢, (&) 15
an arbitrary function of the single variable £, then if @, =0,

—oxp —2cF -
Hr - “{ ﬂ, ]‘rilﬂrr I::.Ir-b'll]'

is & solution of the equation F{D. DYz =0

By direct differentiation we have
Du, = —Lu, + i, I:Ip[— Fet |y
ﬂlr

i

F

Dy &=, l::-:p[— Z;I]f[ﬁ,f—ﬂ'.-.ﬂ

(Ax—ay

So that (o, 0+ 8.0 +p,Ju, =0 (2.4.1.6)
MNow by Theorem 3
FDL D, ={f[f-=lﬂ+.ﬂ.£"+;.]}¢a,ﬂ+.ﬁ,uf+ ru, (24.1.7)

the prime after the product demoting that the factor corresponding
to 5=r is omitied. Combining equations (2.4.1.6) and (2.4.1.7) we
see that

FiD, [V, =0
which proves the theorem.

Theorem 5. If # 0¥+y_ isafactorof F(D, D) and 4 (F) isan
arbitrary function of the single vanable £, thenif 5 =0

u, ==x:{— ;—"'} (8,)

15 a solution of the equation F{D, Dz =0



37

In the decomposition of F{D, D) into linear factors we may get
multiple factors of the tvpe (@, D+ 8,D +y,)". The solution
corresponding to a factor of this type can obtained by a simple
application of Theorem 4 and 5. For example if n=2 we wish to
find solutions of the equation

(2.4.1.8)
(@, D+ B0 +y,)z=0
If we let
Zm(a, D+ D +y )z
Then (x, D+ 80X +p ) =0

Which according 10 Theorem 4 has solution
F.X
z - i
- :l{ ﬂ: r{!ﬂr: ::F'l}r::
If &, #0. To find the corresponding function z we have therefore
to solve the first-order lincar partial differential equation

a, % + ﬂr% +rame ™ g (Bx-a,y) (2419
The auxiliary equations are

&, .IHJ' =Y.z +'r-?r.mr i.r m:': _E;i

With solution
ﬂr"- — Eri .}' - rl

Substituting this in the auxiliary equations, we get the
dx dz

@, =yz+e™' "¢ (c,)
Which is a first order linear equation with solution

1
= = #.(c)x+e, Jem'"

Equation (2.4.1.9) and hence equation (2.4.1.8) therefore has
solution

={xd,(fx—a )ty (fx—a e
Where the functions @ v, are arbitrary.

Theorem 6. If (a, D+ 3.0 +y,) (@, «0) is a factor of F(D, D"
and if the functions @,,.......,ém are arbitrary, then

ﬂ-l{—% ; x'§_(B.x—a,y)

is a solution of F(D, D")z=0.
Similarly the generalisation of Theorem J is:



38

Theorem 7. If (#,0+y,)" is a factor of F(D, D") and if the
functions @, ,......,ger are arbitrary, then

Y.V e
ﬂrﬂi-— ¢, (8 x)
lﬂr 1wl # ﬁ

Is a solution of F(D, D")=0

We are now in a position to state the complementary function of
the equation (2.4.1.1) when the operator is reducible. As a result of
Theorem 4 and 6, we see that if

F(D,D" = [ (@, D+ B.D'+7,) (2.4.1.10)

rul
and if none of the is zero, then the  comesponding
complementary function is

H=i£‘.{ -"—f{]i;'-'ﬁn;ﬁ,pg,y} (24.1.11)

Fml I, Vi
where the functions ¢, (s=1..m:r=\L...n arc arbitrary. If

some of the o«'s are 2zero the necessary modifications to the
expressions (2.4.1.11) can be made by means of Theorem 5. From
equation (2.4.1.10) we see that the order of equation (2.4.1.3) 1s
myHmgt,. M. Since the solution (2.4.1.11) contains the same
number of arbitrary functions, it has the correct number and is thus
the complete complementary function.

(b) Irreducible equations: When the operator F{D,D") is irreducible,
it is not always possible to find a solution with the full number of
arbitrary functions, but it is pessible to construets selutions which
contain as many arbitrary constanis as we wish. The method of
deriving such solution depends on & theorem which we shall now
prove, This theorem is true for reducible as well as irreducible
wperators, but it is only in the irreducible case that we make use of
iL

Theorem 7. F(D, DVe™" u F(a,b)e™"
The proof of this theorem follows from the fact that F(D, D) is
made up of terms of the type
e ¥D®
and D" (e™**) = g"e™*, D (™™ )= b'e™™
so that (¢ D" D" We™ ™) = (¢, a"b'e™"
The theorem follows by recombining the terms of the operator

A similar result which is used in determining particular integrals is;
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Theorem 8. F(D, D)e™ " §(x, y)}= e=* F(D+a,D' + b)g(x.y)
The proof is direct, making use of Leibnitz’s theorem for the r th
derivative of a product to show that

D (eg)=3 "C (D=} D"¢)
il

(gcaorr)
T

=e"(D+a)¢

To determine the complementary function of an equation of the
type (2.4.1.1) we split the operator F(D, D) into factors. The
reducible factors are treated by method (a). The irreducible factors
are treated as follows. From theorem 8 we see that ™™ is a
solution of the equation

F{D, [¥)z=0 (2.4.1.14)
Provided F{a,by=0, so that
zm Er:, expla,.x+b,¥) (2.4.1.15)
gl

in which a,, b,, ¢, are all constants, is also a solution provided that
are connecied by the relation
F(a, b, =0 (2.4.1.16)
In this way we can construct a solution of the homogeneous
equation (2.4.1.14) containing as many arbitrary constants as we
need. The senes (2.4.1.15) need not be finite, but if it is infinite, it
is necessary that it should be uniformly convergent if it has to be,
in fact, a solution of equation (2.4.1.14). The discussion of the
convergence of such a series is difficult. involving as it does the
coefficients ¢, the pairs (a,, b;) and the values of the variables x
and y.

2.4.1.1.5elf Assessment Questions:
Solve the equations

1, rs-2=e""
2. r-s+2g-z=x’y"
3. r4s-2t-p-2g=0

2.4.2. Characteristic curves

We shall now consider briefly the Cauchy problem for the second
order partial differential equation
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Rr+8Ss+Ti+ fix,v.2. p.q) =0 (24.2.1)
in which RS, and T are functions of x and ¥ onaly. In other words,
we wish to consider the problem of determining the solution of
equation (2.4.2 1) such that on a given space curve T it takes on
prescribed values of 2 and &/ 8n,where n is distance measured
along the normal to the curve. This latter set of boundary
conditions is equivalent to assuming that the values of x.y,2.p.q are
determined on the curve, but it should be noted that the values of
the partial derivatives p and q cannot be assigned arbitrarily along
the curve, For if we take the freedom equations of the curve T 1o
be

e (2.4.2.2)
x=x0r), ¥=)(r) r=zxr)
then we must have all points of ™ the relation
.. (24.2.3)

= Lyt iy My

(where z, denotes d, /df etc) showing that p, and g, are not
independent. The Cauchy problem iz therefore that of finding the

solutton of equation (1) passing through the integral stnp of the
first order formed by the planar elements (x,,»,,%;,. P q,) of the

curvel .

At every point of the integral stip p= p.(7).g, =¢,(r ), 50
that if we differentiate these equations with respect to 1, we obtain
the relations

p_|_=l".'l:u+.'|'_:|-'|:|. l}._=.‘l'.'l.'._+!_].'u

If we solve the three equations (1) and (4) fior r, s, t, we find that

§ r f R & T
A=l 0 -plete  and Aslx, w 0
I ¥ ~@ LU

[f A= 0 we can therefore easily calculate the expressions for the
second —order derivatives ry, 5, and 1, along the curve T

The third order partial differential coefficients of z can
similarly be caleulated at every point of [ by differentiating
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equation (2.4.2.1) with respect to x and y , respectively, making use
of the relations

etc., and solving as in the previous case.

Proceeding in this way, we can calculate the partial
derivatives of every order at the points of the curve T, The value of
the function z at neighbouring points can therefore be obtained by
means of Taylor's theorem for functions of two independent
variables. The Cauchy problem therefore possesses a solution as
long as the determinant A does not vanish. In the elliptic case
4RT-5" > 0,50 that A= 0 always holds, and the derivatives, of
all orders, of z are uniguely determined. It is reasonable 1o
conjecture that the solution =0 obtained is analytic in the domain of
analyticity of the coefficients of the differential equation being
discussed; constructing a proof of this conjecture was one of the
famous problems propounded by Hilbert, The proof for the lincar
case was given first by Bernstein; that for the general case (2.4.2.1)
was given later by Hopf and Lewy.

We must now consider the case in which the determinant A
vanishes. Expanding A ,we see that this condition is equivalent to
the relation

Ry; = Sy, + g =0 . (2.4.2.5)
If the projection of the curve I onto the plane z=0 15 a curve ¥
with equation

Ex. ¥ =, .. [2.42.6)

then we find that ,as a result of differentiating with regard to 1,

'ﬁrlﬂ '*‘;Ju:,- Fy = 0 (2427

Eliminating the ratio xu/y, between equations (2.4.2.5) and
(2.4.2.7),we find that the condition A=0 i5 equvalent to the
relation

A(E,.£)=0 o (24.28)
where the function A{w,v)= Ru’ + Suv + Tv'

A curve » in the xy plane satisfying the relation (2.4.2.8) is called
a characteristic base curve of the parial differential equation (1),
and the curve I’ of which it is the projection is called a
charactenstic curve of the same eguation. The term characteristic is
applied indiscriminately to both kinds of curves, since there is
usually little danger of confusion ansing as a result.
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From the argument of Sec.2.4.3 it follows at once that there
are two families of characteristics if the given partial differential
equation is hyperbolic , one family if it is parabolic, and none if it
is elliptic.

As we have defined it, a characteristic is a curve such that,
given values of the dependent variable and its first-order partial
derivatives at all points on it ,Cauchy’s problem does not posses a
unigque selution We shall now show that this property is equivalent
to one which is of ore interest in physical applications namely, that
if there is a second-order discontinuity at one point of the
characteristic, it must persist at all points.,

To establish this property we consider a function ¢ of the
independent variables x and y which is continuous everywhere
except at the points of the curve C whose equation is

clx y)=c
where J(x,y) is any function (not necessarily the function &
defined above) with as many derivatives as necessary. If P, is any
point on this curve and F and P, are neighbouring points on
opposite sides of the curve (Fig 1), then we define the discontinuity
of the function ¢ at the point P, by the equation

(9], = lim_{#(R)-4(P,))

e (2.4.2.100
If the element of length along the directed tangent to the curve C at
the point F, is der, then

X
The tangential derivative of the function ¢ is defined to be
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d¢ _o¢ a¢
e e et e N

and it is readily shown that this is equivalent to the expression

-ﬂ'i i 'i;g_p ':ﬂ-}'_ﬁu'lfa {R:l.]
9T e+ ()

(24211

The tangential derivative al F, is therefore continuous if the
expression on the right hand side of this equation is continuous at
F, . and we say that d¢/do is continuous on the curve C if this
holds for all points £, on C.

Now let us suppose that the function z(x, v) is a solution of
the equation (2.4.2.1) , where for simplicity .we shall suppose that
the function j is lincar in p and q. We shall assume in addition
that the function z(x, v) is continuwous and has continuous
derivatives of all orders required except that its second denvatives
are nod all continuous at all points of the curve C defined by
equation (2.4.29). In particular it 15 assumed that the first-order

parital derivatives =z, and =z, have continuous tangential

x ¥
derivatives at all points of the curve C. It follows immediately from
equation(2.4.2,11) that if the tangential derivative & /do is

continuous at the point £, 50 also is the expression

25 R =24, (R)

WAy A0

Now another way of saying that a function is continuous is to say
that its discontinwty is zero at the point in question. We may
therefore write

[2.)&,(P)-[2, ]&.(R)=0

By considering the other tangential derivative de, [de, we may
similarly prove the relation

[z, ]&,(B)-[2, )& (B)=0

and hence that
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-inl-u-—[iﬂ'-l--nu-[fﬂl oo (2.4.2.12)

SR LRMR) £(R)

Letting each of the ratios in the equations (12) be equal o0 4, we
may write these equations in the form

[ze]=4E}R), [z, ]=AL(RXN,(R)
[z, ]=4£2(R) (24213

If we now transform the independent variables in our
problem from x and v to £ and p,where £ is the function
introduced through the curve C and » is such that for any function
wig, ) dy /do =g/ o . The quantity Aoccurmring in equation,
{13) wall then be a function of nalone; we shall now proceed o
determine that function.

Since 2, =28 + 22, 500, 4 T, 2L, ¥ 20,

and since z,and z, are continuous ( a result of the
continuity of z, and z }and z, and z,, are tangential derivatives,
we find that [z, | which by definition is equal to

Jim {z,(R)-z,(R)}

reducesto  lim_ (2, (R)E] ()2, (R (R))

50 that 1:3,‘]-[3;;]'5:{-&)
e [242.14)

A comparison of equation (2.4.2.14) with the eguation (2.4.2.13)
shows that the value of the quantity 4 occurring in these equations
is [ 2, | We began by assuming that there was a discontinuity in at
least one of the second derivatives; so A cannol be zero | and
hence neither can | z,, | at the point £,

If we transform the equation 1o the new variables £ and 7,

we get the equation (2.4.3.4) of Sec 2.4.3,and applying the above
argument to it, we see that
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[z, |A(2.2,)=0
showing that

Ag, ¢,)=0 . (24.2.15)

and thereby proving that the curve C is a characteristic of the
equation . If we differentiate the transformed equation with regard
to &, take equation (13) into account .and note that only the terms
m z,, and z, can be discontinwous ,we can use a similar

argument to show that

2B, £t 1, ) 2y | HANEE) - Fid[ 20 ] =0
remembering that [E‘H] is A and that iis a function of # aiu;mr;.
we see that this last eguation 1= equivalent to the ordinary
differential equation

di
e B _.!
i gin)

which has a golution of the form
L |
Al) = Ao yexpt [2(E)d¢)
L

So far we have considered onlv single characteristic
curves; now let us consider briefly all the characteristic curves on
an integral surface L of the differential equation (2.4.2.1) .If the
equation is hyperbolic at all points of the surface there are two
one-parameter fumilies of characteristic curves on . It follows
that two integral surfaces can touch only along a characteristic, for
if the line of contact were not a charactenistic, 1t would define
unique values of all partial derivatives along its length and would
therefore vield one surface, not the postulated two. Along a
characteristic curve, on the other hand, this contradiction does no
occur. In the case of elliptic equations, for which there are no real
charactenstics, the comesponding result would be that two integral
surfaces cannot touch along any line.

2.4.2.1.5elf Assessment Questions:

1. Show that the characteristics of the equation

Rr+8s+Tt= f(x,y,2, p.q)
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are invariant with respect 1o any transformations of the independent
variables.

2. Show that characteristics of the second-order equation

)
,4"3_ Igﬁ LE—F{IJ’EF'ITJ
ac o

are the same as the projections on the xy plane of the Cauchy
characteristics of the first order-equation

Ap’ + 2Bpg + Cg” =0

1. In the one dimensional unsteady flow of & compressible fluid
the velocity u and the density p satisfy the equations

du du 1lap Elp ,.t'll on
_+ —_—— = + =0}
il x "x Pa

If the law connecting the pressure powith the density p is
p=kp', show that
%mg&c—--a E%+EH§+¢E='D
where ¢' =dp/dp . Prove that the characteristics are given by the
differential equations o =(u+c)dt and that on the charactenstics
u+ 2¢ are constant,

If there iz a family of straight characteristics x = my satisfying the
differential equation dx / af = w4 ¢ , prove that

yail., e==-
ek y ©

where u is a constant. Determine the equations of the other family
of charactenistics.

Eﬂ.ﬂ.ﬂducﬂm to canonical forms

e —— ———

We shall now consider equations of the type
BreSs+Tt+ fx,y,2.0.q)=0 (2.4.3.1)
which may be written in the form
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L)+ f{x,v.2, 9 =0 (2.4.3.2)
where L 15 the differential operator defined by the equation
1
p=22 152 12 (243.3)
& iy @

in which R,5,T are continuous functions of x and y possessing
continuous partial derivatives of as high an order as necessary, By
a suitable change of the independent variables, we shall show that
any equation of the type (2.4.2.2) can be reduced to one of three
canonical forms. Suppose we change the independent variables
from x, ¥ to &,17 where

'f w&lxy), g=nlxy)
and we write z(x,y) as (£, m)then it is readily shown that
equation (2.4.2.1) takes the form

A, u;»rzﬂr:. £ Fﬁ*d[ﬂﬂlﬂ=ﬂ-{.ﬂ sy (2434)
where Alu,v) = B’ +Suv+ Tv' (2.4.3.3)
B, 20y, ¥; ) = Rig, + %m,wl Fagn )4 Thm (24.3.6)

and the function F is readily derived from the piven function f .

The problem pow is to determine § and # so that equation
(2.4.3.4) iakes the simplest possible form. The procedure is simple
when the dizcriminant §° -4RT of the quadratic form (2.4.3.5) is
everywhere cither positive, negative, or zero, and we shall discuss
these three cases separately.

Case (a): §' —4RT >0, When this condition is satisfied, the
roots A, 4, of the equation

Ra* +Sa+T =0

are real and distinct, and the coefficients of ¢/ 0&
& /dn’ in eguation (2.4.3.4) will vanish if we choose £ and n
such that

% % w0
L-a2E, 2

Let us chooss that
&= flx.y) = fi{x¥) (2.4.3.8)
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where f =¢,, f, =¢, are the solutions of the first-order ordinary
differential equations

dv 2 @ i
= + 4(x.¥)=0, . +4,(ny)=0 (2439
respectively.

MNow it is easily shown that, in general,

AL S M) -G Lann ) =(8RT-S )& n~4nf  (24.3.10)

50 that when the A's are zero

B = (8 —4RTYEn, - &)
and singe 5 -4RT >0,it follows that 5% >0 and therefore that

we may divide both sides of the equation by it. Hence if we make
the substitutions defined by the equation (2.4.3.8) and (2.4.3.9), we
find that equation (2.4.3.1) reduced to the form

(2.4.3.11)

&7
E..;E_;l? =56, ':J.'.;-'r:l

Example 1.

Reduce the equation
: -
to canonical form.

In this case R=1,5=0,T=~x", 5o that the roots of the equation
(2.4.3.7) are +r and the équations (2.4.3.9) are

Ei:ﬂi

iy
s0 that we may take |:'=}'+%II,:I?=}'—%I:.|[ i5 then readily
verified that the equation takes the canonical form

¢ __1 % %

—

afon E-m) 88
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Euth‘,b}: ST=4RT =0. In such circumstances the roots of
equation (2.4.3.7) are equal, We define the function & precisely as
in case {a) and take 5 to be any function of x, ¥ which is
independent of &.We then have, as before , A(Z,.£,)=0, and
hence , from eguation (2.4.3.10), & &, m,.1,)=0. On the other
hand , A(r, .7, )= 0 otherwise 5 would be a function of £. Putting
Alg.£,) and B equal to zero and dividing by Alr,.1m,) we see
that the canonical form of equation (1) 15 , in this case,

&
5—;,— =HE S Cnl,) (2.4.3.12)
Example 2.
Reduce the equation
#r &z
+2——%—=1)
ol ey By

In this example R =15 = 2,T =], so that it is case (b), with

l+2a+a’ =0
in place of cquation (2.4.3.7), We thus have i =-1, %0 that we
may izkes=x-), 7=x+y. We then find that the equation
reduces to the canonical form

7
an
which is readily shown 1o have solution

¢ =nhlel+ L(E)
where the function f, £, are arbirrary. Hence the original equation
has solution

r=(x+y)fi(x- ¥+ f{x-¥)
Case { c): & —4RT <0, This is formally the same as case {a)
except that now the roots of equation (2.4.3.7) are complex. If we
go through the procedure outlined in case (a), we find that the
equation (2.4.3.1) reduces to the form (2.4.3.11) but that the
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variahles £, 5 arc not real but are in fact complex conjugates. To
get a real canonical form we make the further transformation

a=s@en)  B=3(1-8)
and it 15 readily shown that
¥ _1.8¢ " azf}

afn 4 2’ B
=0 that the desired canonical form is

%+ ;'-5;1 =§Ll'{ﬂ'r||!:i‘ ';F':i ""'J---l’:-:I

(2.43.13)

2.4.3.1.5elf Assessment Questions:

|. Reduce the equation

i S SNU).
o ¥

to canomical form, and find itz general solution.

(m=1)°

2. Reduce the equation

Fr , Fz L0z
P ll}l'ﬁf&'*xﬁ'r’z

to canonical form, and hence solve it

-
Yy x i
v “rE oy

2.4.4.Separation of Variables

Many of the second order lincar equations are solvable by the
separation of the independent variables. The method is based on
the assumption that the substitution

= X(x)¥F(y) e (2.4.4.1)

reduces the partial differential equation
Rr+8Ss+Tt1+Pp+0g+Z2=F o (24.4.2)
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